Chapter 5

Stability

Finite Difference Method

First Session Contents:

1) Dependence of solution on data
2) Separation Variables Method (Fourier Method) - Continuous
3) Approximate Solution by Finite Difference Method - Discrete

Continuous Dependence on Data

For better understanding of continuous dependence on data,
consider the following perturbation problem

u, — atty, =0 = iy, =0,
u(x,0) = f(x), u(x,0) = f(x) + e(x),
w0, 0 =u(l,n =0,

w0, =u(l,1) =0,

u(x,f) Solution of main problem
fi(x,1) Solution of perturbed problem
The solution depends continuously on the data if
lu(x,6) — ilx, Ol < Clle(x)|l, 0=<¢t=<T

If we think of e(x)as an error in representing the initial condition , then
continuous dependence on the data implies that small errors in the
data result in small changes in the solution.
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Continuous Dependence on Data

The solution is said to depend continuously on the data function #(x)
provided there exists a constant C independent of f such that

lu(x. ol < Cllifoll, 0<r=<T
Il |l denotes a general form that could be
L= the maximum norm If)| = max | f(x)], 0<x<1

| b
17 or the energy norm ol = {f f(x)ldx}
0

T/

Fourier Method for Differential Equations

®

Example
Llul =u,—ou, =0, O<x<l. 0s=r=T a=1
wix. 0) = flx), Dexel

w00 =u(l,n) =0, D=r=T

Solution (Continuous):

Step 1 Separation Variables Method wlx. 8y = vixw(i)
then
w=vw' o, =vTw
thus w —v"w =10
wo .
— ==l

w v
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Separation Variables Method Separation Variables Method
Step 2 Boundary Conditions Step 3 Determining the transient behavior
vy =iy = 0 Fromstepland step2 ———> W —(nmt n=1.2....
— s W =-Av OD<x<l, vi)=w(l)=0 "
vey Thus: w,(1) = be "™ n=12.]

From which it follows that:

Step 4 Linear combination

‘ fl,z, =(nr)’, vy(x)=sinnmy, n=12 ...

wiv )= v, (xw,(f) = Z Bae " sin nx

= il ticke. P & Exiver —— Y —EE—\
Separation Variables Method Approximate Solution by Finite Difference Method
Example
Step 5 Initial Condition
- Llul=w —ou, =0, O<x<l.  0=r=T
ulx,n = Zv'w"'”‘:’ sin ey . w(x,0) = fx), Dcx<l
= —  flo= Zbﬂ sinnry, O<rx<l w(0.1) = ull.0) =0, 0=r=T
a(x, 01 = j{x) =1
= r= = = )= _1
‘ a0 ! XN 0,0, NEL D= e
From Sturm Liouville —p by = 3f fL)sinnmrds o012 NNt - B T
Joo ==k n=12...M =TT
Finally
o N 1 Solution (Discrete):
ulx,n= Zhvc'”‘"” sinany, by = EJ‘ Slxysinnmdx —Ur Un =2Up+ U5 0= L2N
e o ) A A p=o...
Forward Time Central Space W= f. =l N
(FTCS)
Uy =0}, =0, n=12 .
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Approximate Solution by Finite Difference Method
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Step 1 Separation index
if vy = v
From which it follows that:

v Wl Ve =2Vi4 Vi

‘ W
At (Ax)

or (AX2 W oW Vi =2V + Vi

At W v,

Comparison whit Separation Variables Method
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Determining the eigenvalues

b ¢
a b o«
a b«
A= .
eigenvalues Problem
a b
a

it Vy=0= Vi,

AV =V

e

aVi + bV, + eV = AV,

i=1,2.....,N
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Step 2 Boundary Conditions
Vo=0= Vi,
(AW W Vi =2V + Wy, .
= =ob=-1
Ar W Vi .
thus Vi #2Vi= Vi =V, i= L2 N V=V =0
or s

V= Vi Vo Vi Vi Vel
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Approximate Solution by Finite Difference Method

Continue
ar™ b= + o =0
or — Visar| £
v b= r+a=0
a+fg=0

FromBC V,=Vy,, =00 —>

n

—>‘— =PI =2, r\-“
p
oA g =0
oo L S N =
"
So B a -
nn=- (Fromer* + th—dr+a=10)

"= ‘/E’e,jkmm—n
c
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Approximate Solution by Finite Difference Method Approximate Solution by Finite Difference Method

Continue Thus

k=12..N  (Eigenvectors)

ke
I =2-2cos .
N N+l

T kx
W=be2eytcos o, k=12...N
' (\/:‘HAW\ —

> :
v [ \jﬂ ) sin \"‘" — sinkmx,
‘ ¢ ) N+l
. _ b (Fromer b —awrra=0) 5 sinkmxs .
- 3 V= . o k=12,..., N (Eigenvalues)
sinkmyy

Vi =ar| +pr,
a "
_ 8 kmimen
r"\[‘ —_— P =g

LN

P
2

also

o

v

%%E%%

Approximate Solution by Finite Difference Method Approximate Solution by Finite Difference Method

Step 3 Determining the transient behavior
Step 5 Initial Condition

A W oW Ve Vi (e W W o
A T V. o=l — et Considering /= /. fo..../v]" and U= f. i=12...N
f
h W Sl - Wy, = k=12 N A
thus e et =1,2,.... ths Fo 3w
k=1
If wo isknown —— Wy =(1-ra)"'W. n=1.2... =
- . . f . R
Step4  Linear combination Orthogonally principle  —— | W' = e k=12,....N
4 i=1.2.....N Wi = (1= raytwy
Ul = Z Wi sin kax, ! ¢ k
k=1 n=12...

P = sin ke,
Comparison whit Separation Variables Method

W
— gn - Z W:_’(] _ r’/{‘)n FJ.
=1
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Step 5 Initial Condition

Step 3 (From Continuous)  wa(r) = b,e™™™, n=1,2....

"VK:;'*A” — e 4 | (kmy?ar+ .. (Maclaurin Expansion)
i)
et
Step 3 (From Discrete) M1 . o A
R (ax?
ke K 1
A= 22008 e = | -
also . NI |N+l a N+1
Thus:
17
From .i(:Z-lcm—k’( = k :4-‘--.—)!\{:3 L=2-V2 h=2 4=2+V2
N+l N+l
Thus | 0" =W(1 = r Pl WL = r ' P2+ WEGL = s PP
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Example
=ty =0, O<x<l, >0
Wy =2 O=x<l
w0, 0)=ul,0)=0, >0
113

XX X3 X xs) = {0.-, =0 = ]

[EPRS 4 A5k =1 T3 !

Ar=1/4 _ 1 =1 e 2

i / B T

V=

Also

sing |=

sin 2
sin
E

sin | =
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o
sin %



